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Abst ract - -We will say that a tiling 5 r has property M if two of its members have a common 
(n - 1)-dimensional face. We will prove that every tiling of R 2 has property M, but that if n > 3 
and k > 2, there is a k-fold tiling of IR n which does not have property M. (~) 2000 Elsevier Science 
Ltd. All rights reserved. 
1. INTRODUCTION 
Let { Co = x = (X l , . . . ,Xn) :  [xi[ ~_ 2' "" 
be the closed n-dimensional  (hyper) cube centered at the origin 0 of Nn. In this paper  the term 
unit cube refers only to the translat ion 
C, = {x+t  : x E Co} 
centered at t. By a k-fold tiling of ]R n by unit cubes, we mean a family 
J:= {C, : teT}  
of such trans lates with the property  that  every point x E ]R n not on the boundary  of any Ct E F 
lies in exact ly  k of them. When the mult ipl ic i ty k = 1 the t i l ing is called simple. To avoid tr iv ial  
cases, we assume that  the set T = T(~)  of centers of the cubes of 5 r is discrete. If T (~)  is a 
latt ice, we call ~ a lattice tiling; otherwise ~ is a nonlattice tiling. 
We will say that  a t i l ing $" has property M if two of its members have a common (n - 1)- 
d imensional  face. This is equivalent to the condit ion that  two points in T(5 r)  are jo ined by one of 
the unit vectors e~ = (0 , . . . ,  1 , . . . ,  0). Minkowski [1] conjectured that  every simple latt ice t i l ing 
of ]~n has proper ty  M.  Assuming this, he went on to determine all crit ical latt ices of the unit 
cube, i.e., all s imple latt ice ti l ings of R n. 
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Minkowski's conjecture was proved 45 years later by Haj6s [2], who showed further that all 
multiple lattice tilings of Nn have property M for n <_ 3 but not for n _> 4. Robinson [3] 
determined more precisely all values of n and k for which there exist k-fold lattice tilings of R n 
not having property M. These are as follows: 
n = 4, k divisible by the square of an odd prime, 
n = 5, k=3ork_>5,  
n>6,  k_>2. 
Meanwhile, Keller [4] conjectured that when k = 1, Minkowski's assumption that T($') is a 
lattice is superfluous, i.e., that every simple tiling of l~ n has property M. This was proved for 
n < 6 by Perron [5], but for n > 7 the problem (known as the Keller conjecture) remains open. 
The object of the present paper is to settle the remaining case, that of multiple nonlattice 
tilings. We will prove that every tiling of IR 2 has property M, but that if n > 3 and k > 2, there 
is a k-fold tiling of R n which does not have property M. 
2. REDUCTION OF THE PROBLEM 
In [2], Haj6s reduced Minkowski's original conjecture to the following group-theoretic result, 
which he then proceeded to prove. Let G be a finite multiplicative Abelian group with identity 
element 1, and let Z[G] be the integral group ring of G. Suppose an equation of the form 
12[ 2 r~-l) 
(l +a i+a i  +" '+a~ = Eg  
i=1 gEG 
holds in Z[G], where the ai are elements of G and the r~ are positive integers. Then a[ ~ = 1 for 
some i. The same reasoning leads to the following necessary and sufficient condition for arbitrary 
(not necessarily lattice) tilings. 
THEOREM 1. There exists a k-fold tiling ofiW ~ by unit cubes not having property M if and only 
if for some finite Abelian group G there is an equation 
Eg  ( l+a i+a i+" '+ar~- l )=kEg 
gES i-=l g~G 
in Z[G], where S is a subset of G and no element a[ ~ is of the form xy -1 with x ,y  E S. 
The proof of Theorem 1 involves a straightforward combination of ideas of Hajds [2] and 
Perron [5]. We will not present it here, since 
(1) it is quite lengthy, and 
(2) the tilings constructed in Sections 3 and 4, though originally found using Theorem 1, can 
be directly verified not to have property M without it. 
3. THE CASE n = 3, k = 2 
Let G be the Abelian group of order 32 generated by elements a, b, c, with a 4 = b a = c 4 = 
(abc) 2 = 1. Every element of G can be uniquely written in the form aAb~c ~, where 0 _ A, # < 4, 
and 0 _< v < 2. In Z[G] we have the equation 
(1 + ab 2 + ac + a2b + a2b3c + a3b 3 + a3bc + b2c) (1 + a)(1 + b)(1 + c) = 2 E g' 
gEG 
as is easily checked. This equation has the form stated in Theorem 1, with al = a, a2 ----- b, a3  =- C, 
rl = r2 = r3 = 2, S = {1, ab 2, ac, a2b, a2b3c, a3b 3, a3bc, b2c} and k = 2. Moreover, the elements 
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a 2, b 2, and c 2 are not of the form xy -1 with x ,y  E S. The proof of Theorem 1 (omitted above for 
reasons of space) gives a construction for a corresponding double tiling ~2 of ]~3 by unit cubes 
without property M, which will now be described. To avoid fractions, it is convenient to let the 
cubes have side 2; this just amounts to rescaling the coordinate axes. The set T2 of centers of 
the cubes of .7"2 consists of all points whose coordinates are integers congruent (rood 4) to one of 
the 16 points listed in Table 1. 
Table 1. 
(0 0 0) (0 1 3) (0 2 1) (0 3 2) 
(1 0 1) (1 1 2) (1 2 0) (1 3 3) 
(2 0 3) (2 1 0) (2 2 2) (2 3 1) 
(3 0 2) (3 1 1) (3 2 3) (3 3 0) 
No two points of Table 1 have more than one coordinate in common. From this it follows that 
no two cubes of 5r'2 have a common face, since their centers are not joined by any of the vectors 
(2 0 0), (0 2 0), or (0 0 2). 
The cube of side 2 and center t = (t l , t2,t3) consists of all points x = (x l ,x2,  X3) such that 
[xi - ti[ < 1 (i = 1,2,3). Hence, to prove that ~'2 is a double tiling of R 3, we have to show that 
if the xi are nonintegers, there are exactly two points t E T2 for which these inequalities hold. 
Evidently each ti must be either the floor or the ceiling of xi, so the desired points t must be 
among the eight points ([XlJ + el, [z2J + e2, [x3J + e3), where ei = 0 or 1 (i = 1,2,3). 
Consider the four entries at the intersection of any two rows and columns of Table 1 which are 
consecutive in the toroidal sense (i.e., the successor of the last row in the first row, and similarly 
for columns). Inspection of the table shows that the last coordinates of these four entries are 
either 
(i) 0, 1, 2, 3, or 
(ii) 0, 0, 2, 2, or 
(iii) 1, 1, 3, 3. 
Since T2 consists of all points congruent (mod4) to some point of Table 1, we conclude that for 
any fixed values of p and q, the multiset 
R = {r: (p, q, r) e T} U {r: (p, q + 1, r) e T} 
U{r:(p+l,q,r) eT}U{r:(p+l,q+l,r) eT} 
consists of either 
(i) all integers, or 
(ii) all even integers, each counted twice, or 
(iii) all odd integers, each counted twice. 
In all three cases, if s is any noninteger, there are exactly two values r C R such that ]r - s I < 1. 
Applying this with p = [xlJ, q = [x2J, s = x3, we conclude that the point (x l ,x2 ,x3)  lies in 
exactly two cubes of side 2 with centers in T2. Thus, ~2 is a double tiling of ]~3 which fails to 
have property M. 
4. THE CASE n = 3, k = 3 
Let G be the Abelian group of order 24 generated by elements a, b with a 4 = b 6, and put 
c = a2b. In Z[G], we have the equation 
( l+ab 3+a2b 2+aab5) ( l+a) ( l+b+b 2) (1+c+c 2) =3Eg , 
gEG 
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as can readily be verified. This has the form stated in Theorem 1 with al -- a, a2 -- b, a3 -- c, 
rl = 2, r2 = r3 = 3, S = {1, ab3,a2b2,a3b 5} and k = 3. The elements a2, b 3, and c 3 = a2b 3 are 
not of the form xy  -1 with x, y • S. So Theorem 1 implies the existence of a triple tiling 5v3 of R 3 
by unit cubes not having property M. We proceed to describe this tiling. To avoid fractions, 
we let the cubes have side 6; this involves a simple change of scale on the coordinate axes. The 
set T3 of centers of the cubes of 5r3 consists of all points whose coordinates are integers congruent 
(mod 12) to one of the 24 points depicted in Table 2. 
Table 2. 
(0 0 o) (0 2 2) (0 4 8) (0 6 10) (0 8 4) (0 10 6) 
(3 0 10) (3 2 4) (3 4 6) (3 6 o) (3 8 2) (3 10 8) 
(6 0 4) (6 2 10) (6 4 o) (6 6 6) (6 8 8) (6 10 2) 
(9 0 6) (9 2 8) (9 4 2) (9 6 4) (9 8 10) (9 10 o) 
No two points in Table 2 have more than one coordinate in common. This implies that no two 
points of Ta are joined by the vectors (6 0 0), (0 6 0), or (0 0 6), and hence that ~-a does not 
have property M. 
To prove that 5r3 is a triple tiling of R 3, it must be shown that if (Xl,X2,X3) is a point with 
Xl ~ 0 (mod 3), x2 ~ 1 (mod 2), x3 ~ 1 (mod 2), there are exactly three points (tl, t2, t3) in T3 
such that ]xi - t i l  _< 3 (i = 1,2, 3). The proof of this is completely analogous to that given in 
Section 3 for the double tiling 5r2 constructed there. 
5. THE GENERAL CASE 
The following theorem disposes of the case n < 2. 
THEOREM 2. Every  k-fold tiling of  R by unit intervals or o fR  2 by unit squares has property  M.  
PROOF. Robinson [3] has shown that when n <_ 2, every multiple tiling of R n is a union of simple 
tilings. It therefore suffices to prove the theorem for k = 1. Clearly, every simple tiling of R by 
unit intervals is a translate of the tiling 
= {[i , i  + 1]:  i • z} ,  
and this has property M. 
Let 9 v be a simple tiling of ~2 by unit squares, and let Ct be any member of ~. If Ct+el is 
not in ~', we have the situation shown in Figure 1. From this we see that C~+e2 and Ct-e~ are 
in 5 r, completing the proof. 
t 
Figure 1. 
In view of Theorem 2, we can suppose henceforth that n > 3. 
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THEOREM 3. f f  n _> 3 and k ~ 2, there is a k-[old tiling of ]~n by unit cubes not having 
property M.  
PROOF. We can write k in the form k = 21 + 3m, where l and m are nonnegative integers. 
(Actual ly we can take rn = 0 or 1.) Let 9~2 and 9v3 be the double and triple tilings of ]~3 
constructed in Sections 2 and 3 (now normalized to consist of unit cubes). Let 9vk be the union 
of the l + m families. 
~2 ÷ (ri, si,t i) and ,~'3 ÷ (Uj,Vj,Wj), where 1 < i < l, 1 <_ j _< m and ri, si, ti, uj, vj, wj are 
linearly independent over the rational field Q. Clearly, 5rk is a k-fold tiling of R 3, and no two 
members  of 5rk have a common face. 
Finally, suppose ~- is a k-fold tiling of ]R n, n _> 3, whose members have no common faces, and 
let T(9 r )  = {t = ( t i , . . . ,  t,~)} be the set of their centers. We define a k-fold tiling 7 of ~+1 by 
letting T(Y:') consist of the points 
t '  -~ (t 1 ÷i ,  t2 , . . . , tn , i ) ,  
where ( t l , . . . ,  tn) e T(5 r )  and i C Z. Thus, 5 r '  consists of layers of (n ÷ 1)-dimensional cubes, 
the base of each layer being a translate of jc, so arranged that  no two centers are joined by the 
vector en+l.  It is easily seen that  9 r '  is a k-fold tiling of R n+l, and the proof is complete. 
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